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Noncommutative Hall Effect
Akira Kokado1,∗), Takashi Okamura2,∗∗) and Takesi Saito3,∗∗∗)
1Kobe International University, Kobe 658-0032, Japan
2,3Department of Physics, Kwansei Gakuin University, Sanda 669-1337, Japan
When coordinates are noncommutative, the Hall effect is reinvestigated. The Hall con-
ductivity is expressed with noncommutative parameters, so that in the commutative limit it
tends to the conventional result.
§1. Introduction
Recently the idea of noncommutative structure at small length scales has been
drawn much attention in string theories and field theories including gravity. The
general expectation was that noncommutative spacetimes could introduce an effec-
tive cut-off in field theories, in analogy to a lattice. Especially interesting is a model
of open strings propagating in a constant B field background. Previous studies show
that this model is related to noncommutativity of D-branes,1) and in the zero slope
limit to noncommutative Yang-Mills theory.2) An intriguing mixing of UV and IR
theories has been also found in the perturbative dynamics of noncommutative field
theories.3)
In this paper we consider the Hall effect in noncommutative spaces, in order
to clarify what a role of noncommutative coordinates plays in this phenomenon.
This model would provide the most simple example of noncommutative quantum
mechanics. We consider here a system that a particle with charge (-e ) moves on
a two-dimensional plane in the uniform external electric field ~E and the uniform
external magnetic field ~B, where the direction of ~B is parallel to the (x1, x2) plane,
while that of ~B is transverse to the (x1, x2) plane. Let coordinates of the particle be
~x = (x1, x2) and their conjugate momenta be ~p = (p1, p2). This system is described
by the Hamiltonian
H =
1
2m
(~p+ e ~A)2 − eφ . (1.1)
In the following we choose the gauge
e ~A = A ~x , (1.2)
where
A =
(
a11 a12
a21 a22
)
, eB3 = a21 − a12 , (1.3)
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2and
φ = − ~E · ~x . (1.4)
Hence, the Hamiltonian is written as
H =
1
2m
(
pi + aijx
j
)2
+ eEix
i. (1.5)
By noncommutative spaces we mean that we have the commutation relation
(CR) for coordinates, [x, y] = i~θ, where θ is a real parameter. Generally one can
set for our system a CR in matrix form4)
ω :=


[x1, x1] [x1, x2] [x1, p1] [x
1, p2]
[x2, x1] [x2, x2] [x2, p1] [x
2, p2]
[p1, x
1] [p1, x
2] [p1, p1] [p1, p2]
[p2, x
1] [p2, x
2] [p2, p1] [p2, p2]

 = i~
(
θx ǫ g
T
−g θp ǫ
)
, (1.6)
ǫ :=
(
0 1
−1 0
)
,
parametrized by real numbers θx,θy and real 2× 2 matrix g. The Hamiltonian (1.5)
is understood to be symmetrized with respect to variables.
In the following sections we calculate the Hall conductivity by using the Hamil-
tonian (1.5) and the noncommutative CR (1.6). In Sec.2 a case of detω 6= 0 is
considered, while the other case detω = 0 is considered in Sec.3. The final section is
devoted to concluding remarks. The noncommutative Hall effect was also considered
quantum-mechanically in Ref. 5), while field-theoretically in Ref. 6). However, they
were interested especially in noncommutativity of coordinates. Our consideration,
on the other hand, includes more general noncommutative CR’s of the type Eq.(1.6).
§2. A case of detω 6= 0
In this section we consider the case of detω 6= 0. By using the formula for block
matrices
det
(
A B
C D
)
= (detA) det
(
D −CA−1B
)
= (detD) det
(
A−BD−1C
)
,
(2.1)
one obtains
detω = (i~)4 (θxθp − detg)
2 6= 0. (2.2)
Let us write the Hamiltonian (1.5) in the form
H =
1
2m
(
~xT ~pT
)
M
(
~x
~p
)
+ e
(
~xT ~pT
)( ~E
~0
)
, (2.3)
where
~x =
(
x1
x2
)
, ~p =
(
p1
p2
)
, (2.4)
3M =
(
A 1
0 0
)T (
A 1
0 0
)
=
(
AT A AT
A 1
)
, (2.5)
A being given by Eq.(1.3). The Heisenberg equations of motion for ~x and ~p are given
by
d
dt
(
~x
~p
)
=
1
i~
(
[ ~x, H ]
[ ~p, H ]
)
. (2.6)
In order to solve this equation (2.6), we consider a linear transformation of
variables (
~x
~p
)
= S
(
~X
~P
)
+
(
~λx
~λp
)
, (2.7)
where
S :=
(
Sxx Sxp
Spx Spp
)
=
(
αA α1
βB βD
)
−1
=
(
−(β/α)SxpD (1/β) (B −DA)
−1
(1+ βASxpD) /α −ASxp
)
(2.8)
and its determinant is assumed not to be zero, i.e.,
det
(
αA α1
βB βD
)
= (αβ)2 det (B −DA) 6= 0 . (2.9)
Here, 2× 2 matrices B, D and parameters α, β, ~λ ’s will be fixed later. In terms of
the new variables ~X , ~P , the Hamiltonian (2.3) can be written as
H =
1
2m
(
~XT ~P T
)
M˜
(
~X
~P
)
+ e
(
~XT ~P T
)( ~˜E
~˜F
)
+
1
2m
∣∣∣ ~λp +A~λx ∣∣∣2 + e ~E · ~λx , (2.10)
where
M˜ :=
[(
A 1
0 0
)(
αA α1
βB βD
)
−1
]T [(
A 1
0 0
)(
αA α1
βB βD
)
−1
]
=
(
1/α 0
0 0
)T (
1/α 0
0 0
)
=
(
1/α2 0
0 0
)
, (2.11)
and (
~˜E
~˜F
)
:=
(
Sxx Sxp
Spx Spp
)T [ ( ~E
~0
)
+
1
m e
(
ATA AT
A 1
)(
~λx
~λp
) ]
,
=
(
STxx
~E
STxp
~E
)
+
1
me α
(
A~λx + ~λp
~0
)
. (2.12)
4From Eq.(2.12) one can see that the transformed electric field ~˜E is always made to
be zero if ~λp is properly chosen. In this case the Hamiltonian (2.10) is reduced to
H =
1
2mα2
~X2 + e~P T
(
STxp
~E
)
, (2.13)
except for constant factors.
On the other hand, the CR in matrix form ω for old variables is transformed
into Ω for new variables ~X and ~P under the transformation Eq.(2.7):
Ω =
(
αA α1
βB βD
)
ω
(
αA α1
βB βD
)T
= i~
(
θXǫ G
T
−G θP ǫ
)
, (2.14)
where
G = αβ
[
D
(
gAT − θpǫ
)
−B (g − θxAǫ)
T
]
, (2.15)
θX = α
2 ζ , θP = β
2 η , (2.16)
with
ζ = θp + (detA)θx +Tr
(
gAT ǫ
)
, (2.17)
η = (detD)θp + (detB)θx +Tr
(
DgBT ǫ
)
. (2.18)
Here we have used the formula ǫ L ǫ LT = −(detL)1 for an arbitrary 2× 2 matrix
L. Since ω/(i~) is an antisymmetric real matrix, it is generally transformed into the
canonical form with G = 0 in Eq.(2.14). Actually, this can be seen in the following:
From Eq.(2.15) one can see that it is always possible to make G vanish, that is, we
can always put the following equality:
D
(
gAT − θpǫ
)
= B (g − θxAǫ)
T . (2.19)
In fact, when K := g − θxAǫ or L := gA
T − θpǫ is the regular matrix, we always
get D or B which satisfies Eq.(2.19). When K and L are both irregular matrices,
we obtain an equality θp = θx detA or ζ = 0 from equations,
detK = θxζ − (θxθp − det g) = 0 ,
detL = θpζ − (detA) (θxθp − detg) = 0 . (2.20)
Here we have made use of the formula, detK = (1/2)
[
(TrK)2 − Tr
(
K2
)]
, for an
arbitrary 2×2 matrix K. In the following we assume to exclude such a special cases
θp = θx detA or ζ = 0.
In conclusion we see that it is generally possible to set G = 0 in Ω. Since
detΩ 6= 0, it follows that θX , θP 6= 0. Hence, one can chooses α = |ζ|
−1/2, β =
|η|−1/2 from Eqs.(2.16). Accordingly we have
Ω = i~
(
sgn(ζ)ǫ 0
0 sgn(η)ǫ
)
, (2.21)
5to give [
X1,X2
]
= i~ sgn(ζ) , [P1, P2] = i~ sgn(η) ,
[
Xi, Pj
]
= 0 . (2.22)
The Hamiltonian (2.13) becomes
H =
|ζ|
2m
∣∣∣ ~X∣∣∣2 + e~P T (STxp ~E) . (2.23)
In view of both equations (2.22) and (2.23), we see that the first part in Eq.(2.23)
corresponds to the harmonic oscillator part, and this is dynamically independent of
the second linear part.
The eigenvalue equation for the linear part is given by(
C1P1 + C
2P2
)
Ψk = EkΨk , (2.24)
where ~C = e (S Txp ~E).
From Eq.(2.22), one can use the representation P2 = −i~ sgn(η) ∂/∂P1. This is
substituted into Eq.(2.24) to find a solution
Ψk = Nk exp
[
sgn(η) C1
2i~C2
(
P1 −
k
C1
)2]
, (2.25)
and then we obtain Ek = k, where k is a real number. Here, the eigenfunction Ψk is
normalized by the delta function
(Ψk, Ψk′) = δ
(
k − k′
)
. (2.26)
Now, the Heisenberg equation (2.6) is given, in terms of new variables ~X, ~P , as
d
dt
(
~x
~p
)
= S
d
dt
(
~X
~P
)
= S
1
i~


[
~X,H
]
[
~P ,H
]

 = S Ω
i~
(
|ζ| ~X/m
eSTxp
~E
)
. (2.27)
that is,
d~x
dt
=
ζ
m
Sxxǫ ~X +
eη
det(B −DA)
ǫ ~E , (2.28)
d~p
dt
=
ζ
m
Spxǫ ~X −
eη
det(B −DA)
Aǫ ~E . (2.29)
Let us consider the expectation value of Eq.(2.28) for a stationary state of the Hamil-
tonian (2.23), which is a product state of the harmonic oscillator eigenfunction and
Ψk given in Eq.(2.25). Since the expectation value of ~X is zero, i.e., 〈 ~X〉 = ~0, we
have 〈
d~x
dt
〉
=
eη
det(B −DA)
ǫ ~E , (2.30)
6Defining the electric current by ~J = (−e)ρ〈~˙x〉 with ρ the charge density, and the
Hall conductivity σ by ~J = σ ~E, we have
σ =
−e2ρη
det(B −DA)
ǫ =
e2ρ (detg − θxθp)
θp + (detA)θx +Tr
(
gAT ǫ
) ǫ . (2.31)
Here we have used the relation
ζ η = (θxθp − detg) det(B −DA) , (2.32)
which comes from Eq.(2.19).
§3. A case of detω = 0
In the case of detω = 0 we have detω = (i~)4 (θxθp − detg)
2 = 0. Since
detK = θxζ and detL = θpζ, it is again possible generally to make G vanish,
provided that ω is not zero matrix. Hence, it follows that detΩ = (i~)4θXθP = 0.
In the following we consider the case θX 6= 0, θP = 0
∗). In this case, ~P is commutable
with ~X and ~P , hence, it should be c-number. The second term in the Hamiltonian
(2.23) becomes a constant, so that the Hamiltonian describes a single harmonic
oscillator. The equation of motion (2.27) becomes
d
dt
(
~x
~p
)
= S
(
sgn(ζ)ǫ 0
0 0
) (
|ζ| ~X/m
~0
)
. (3.1)
hence,
d~x
dt
=
ζ
m
Sxxǫ ~X . (3.2)
Its expectation value for the stationary state of the Hamiltonian is zero. This means
that we have no Hall current.
The physical meaning of this result is clear: Since our system is constrained, the
Hamiltonian in two-dimensional space is reduced to the harmonic oscillator Hamil-
tonian in one-dimensional space. Hence the charged particle can move only around
the origin of the harmonic oscillator, leading to zero-expectation values of currents.
§4. Concluding remarks
We have considered the Hall effect when coordinates are noncommutative, gen-
erally the commutation relations are given by Eq.(1.6). We have neglected the effect
coming from particle spins, since this effect is irrelevant to our purpose. The Hall
conductivity is given by Eq.(2.31), which depends on noncommutative parameters.
In the usual “commutative” limit, θx, θp → 0, gij → δij , the Hall conductivity (2.31)
tends to the ordinary results,
σ21 =
eρ
B
, σ11 = σ22 = 0 . (4.1)
∗) In the case that θX = 0 and θP 6= 0, we also conclude that the Hall conductivity vanishes
along the similar argument for this case.
7The formula (2.31) will serve to constrain the noncommutative parameters θx and
θp from experiments.
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